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Abstract— To design efficient online resource allocation algo-
rithms convexity of the optimization problem is an important
measure. This paper covers the sum-power constraint utility
maximization of parallel broadcast channels and the mini-
mization of the sum-power for minimum utility requirements.
We derive a class of utility functions that results in convex
formulations of both optimization problems, thereby extending
known utility classes. By introducing the square-root criteria
we present a straight forward test to check if arbitrary utility
functions belong to our class. Besides the utility framework the
paper gives some insights on the general structure of the MSE
region. Along the way we disprove a result on the general MSE
region correcting a former approach.

I. I NTRODUCTION

The increasing demand for bandwidth in wireless
applications and shortage of spectrum represent fundamental
challenges for todays system designers. To allow operators
competitive offering of a variety of services an efficient
exploration of resources is fundamental. System designers
have to design resource allocation rules that exploit
resources best possible related to a whole set of optimization
metrics. However, this has to be done always under the
consideration of the real time ability and complexity of their
algorithms. In order to allow a generalized description and
variable definition of optimal operation points in wireless
communications system the concept of utility optimization
seems a promising candidate. It allows combining and
weighting of different performance measures like e.g.
the system throughput and fairness. In connection with
resource constraints like power and bandwidth often a single
algorithm is sufficient to solve an overarching family of
optimization problems. In case the optimization problem
is convex a multitude of ready-to-use algorithms exists for
which convergence to the global optimum can be guaranteed
in polynomial time. Most times, however, the difficulty is to
determine weather an optimization problem is convex or can
be transformed into a convex representation, respectively.
Although pure throughput maximization for interference
limited wireless systems results in general in non-convex
optimization problems, combining it with fairness in a
utility framework can often transform it into a convex one.
For non-orthogonal, interference-limited MIMO systems an
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important class of utility-functions, that allows a convex
problem formulation, was presented in [1]. There, based on
the Perron-Frobenius theory, it is shown that for any utility
function in dependence of the SINR, where the inverse is
log-convex, a convex problem formulation can be found.
In this paper we derive a new class of utility functions
based on the Mean Square Error (MSE) that also results
in a convex problem formulation. It is adapted to parallel
broadcast (BC) channels such as multiuser OFDM with a
sum power constraint. Our class extends the log-convex
set in the direction of more throughput oriented metrics.
This is especially interesting since it includes allocations
where users are not assigned any resources at the optimum,
which cannot happen with utilities from the log-convex class.

II. SYSTEM MODEL

Consider a system ofK parallel broadcast channels over
which a transmitter communicates withM receivers. More
general, any set ofK parallel Gaussian BC can be assumed.
We denote the set of subchannels and users byK andM ,
respectively. No assumptions are made on the number of
users to be allocated to each of theK subchannels. The
transmitter is restricted to linear signal processing. Then the
system can be represented by

ym,k = hm,k ∑
n∈M

xn,k +nm,k ∀ m∈M ,k∈ K (1)

wherehm,k is the channel between the transmitter and userm
on subchannelk, xm,k andym,k are the signals transmitted to
and received by userm, respectively. The received signals are
corrupted by circular symmetric white Gaussian noisenm,k ∼
C N (0,1). Due to technical limitations the system is limited
by a sum power constraint. Therefore, for the expectation
value of the power of the symbols holds

∑
k∈K ,m∈M

E{|xm,k|2} ≤ P̄.

With gm,k = |hm,k|2 the achievable signal to interference plus
noise-ratio (SINR) on subchannelk is given by

βm,k =
gm,kpm,k

gm,k ∑n6=m pn,k +1
,



where pm,k is the power allocated to userm on subchannel
k. With the normalized MSE [2], [3]

MSEm,k = 1− gm,kpm,k

gm,k ∑n∈M pn,k +1
, (2)

we define for some technical reason the complementary MSE
of userm on subchannelk as

γm,k = 1−MSEm,k

=
gm,kpm,k

gm,k ∑n∈M pn,k +1
.

(3)

Hence, the minimization problem of MSEs turns into max-
imization of complementary MSEs. Under the assumption
that the optimum linear (MMSE) receive filter is applied,
the following well-known bijective mapping

γm,k =
βm,k

1+βm,k
(4)

relates both performance measures to one another. Equiva-
lently the SINR can be represented in terms of the comple-
mentary MSE by

βm,k =
γm,k

1− γm,k
.

Now, in analogy to the well-established sum-MSE, define the
sum of the complementary MSEs as

γm = ∑
k∈K

γm,k m∈M . (5)

Note that the normalization of the MSEs on each subchannel
yields the upper bound byγm ≤ K for all m.

Remark 1:Due to recent duality results (see Sec. IV)
all our derivations (even though more difficult to see) can
be equivalently formulated for a multiple access channel
(MAC), hence, extending the possible range of applications
for our results. However, due to the appealing structure of
parallel BC channels with single antennas we stick to the
BC channel in this paper.

III. PROBLEM STATEMENT

Users’ QoS demands can be described by some appro-
priate utility functions that map the used resources into a
real number. Here, we are interested in utility maximization
(Problem 1) or sum power minimization subject to utility
constraints (Problem 2) in terms of user-wise MSEs. This
stands in some contrast to typical direct formulations in the
SINRs (or rates) but from a coding perspective appears to
be advantageous for parallel BC systems such as OFDM.

a) Problem 1: Given a general utility functionψ :
R+ 7→R, γ = [γ1, ...,γM]T from (5), and non-negative weights
w ∈ R

M
+ consider the following resource allocation problem:

max ∑
m∈M

wmψ(γm(p1,1, ..., pM,K))

subj. to ∑
m∈M

∑
k∈K

pm,k ≤ P̄.
(P1)

For notational simplification we will also consider the some-
what weaker problem where the utility function is given
by ψ(γm) = ∑k∈K ψ′(γm,k) where ψ′ is the per-subchannel

utility function (in short utility). Clearly, Problem (P1)is
in general intractable if no further constraints are put on
ψ. Even harder, virtually no general results are known for
parallel BC systems.Restricting our attention to the case
K = 1 let us first collect some known classes for which (P1)
can be efficiently solved.

The log-convexity class (Stanczak/Wiczanowski/Boche)[1]:
Using (4) Problem (P1) can be rewritten in terms of SINRs.
Denoting this map byg : β →֒ γ (sub-indices omitted) it was
shown based on the Perron-Frobenius Theory in [1] that the
class of utilities

ψs :=
{

ψ′ : R++ 7→ R ,(ψ′ ◦g)−1 is log-convex
}

results in convex problem formulations. This class of func-
tions includes important utilities like the approximationof
ratesR≈ log(β) at high SINR and different fairness classes
of the formψ(β) = βᾱ/ᾱ, ᾱ ≤ 0, introduced in [4]. However,
a considerable disadvantage ofψs is that users are never
switched of completely since

lim
β→0

ψ′(β) = −∞ (6)

for all ψ′(β)∈ ψs. Furthermore, note thateven for the linear
function ψ′ (γ) = γ the composition(ψ′ ◦ g)−1 is not log-
convexso that the simple complementary MSE maximization
is not included in this framework.

A similar class can be deduced from [5]. There a convex
formulation is obtained by substituting the power in the
logarithmic domain and by representing it as posinomials.
This allows also a straight forward generalization to parallel
BC systems.

b) Problem 2: From an operator’s perspective it is
not always desirable to maximize utilities for constraint
resources. The dual problem formulation of minimizing the
needed resources for given QoS or utility requests has
the same relevance. Thus, we are also interested in the
complementary problem:

min ∑
m∈M ,k∈K

pm,k

subj. to ψ(γm(p1,1, ..., pM,K) ≥ ψ̄m ∀m∈M
(P2)

For both problems we derive a new solvability criteria by
using a MSE based utility representation instead of the SINR.
This allows us to overcome some shortages of the existing
approaches and extend the known class of utilities for which
convex problem formulations can be achieved.

IV. U TILITY OPTIMIZATION BASED ON MSES

A. Multiuser MSE Region

In this section we study the achievable complementary
MSE region and derive present results concerning convexity.

First we consider an arbitrary subchannelk. Assume a
fixed sum power budget̄Pk for subchannelk. Solving (3) for
the power of userm we obtain

pm,k = γm,k

(

P̄k +
1

gm,k

)

.
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Fig. 1. Illustration of the different complementary MSE regions for a
specific choice ofP1 andP2 with P1 +P2 = P̄.

Summation overm yields for each subchannelk

∑
m∈M

γm,k

(

P̄k +
1

gm,k

)

≤ P̄k

and thus the set of achievable complementary MSEs on
subchannelk for a fixed sum power̄Pk can be written as

G k(P̄k) =

{

γ : ∑
m∈M

γm,k

(

1+
1

gm,kP̄k

)

≤ 1

}

. (7)

Clearly (7) is the intersection of a halfspace withR
M
+ and

thus a convex set. Moreover, the region is anM-dimensional
simplex. The set of achievable complementary sum-MSEs for
a fixed power allocation among subchannels can be written
as

G (P̄1, ..., P̄K) = ∑
k∈K
G k(P̄k), (8)

where the summation of sets is defined asX = ∑nXn =
{x : x = ∑nxn,xn ∈ Xn}. Obviously, (8) is a polytope and
thus also convex. Taking into account the power allocation
among subchannels, the achievable complementary MSE
region under a sum power constraint is given by

G (P̄) =
[

P1,...,PK :∑k∈K Pk=P̄

G (P1, ...,PK). (9)

Note that all regions equal their dual MAC counterparts
based on the following duality theorem explored first by [6]

Theorem 1:If duality holds for SINR then it holds for
MSE as well.

Proof: Both SINR and MSE can be achieved if and only
if there is some power allocation for an optimal receive filter.
Hence, for any feasible SINR, MSE the bijections (3),(4)
hold.

The relation betweenG (P̄), G (P1,P2) andG k(Pk) is illus-
trated exemplarily in Figure 1 where it can be seen that the
shaded region is non-convex as discussed next.

B. Fixed Power Budgets per Subchannel

A direct consequence of (7) is that Problem (P1) can be
recasted in the form

max ∑
m∈M

wm ∑
k∈K

ψ′(γm,k)

subj. to γ ∈ G (P̄1, ..., P̄M)
(10)

or

max ∑
m∈M

wmψ(γm)

subj. to γ ∈ G (P̄1, ..., P̄M)
(11)

both being convex problems sinceG (P̄1, ..., P̄K) given in (8)
is a polytope ifψ is concave. Equivalently the set of utilities

Ψ(P̄1, ..., P̄K) =

{

(ψ(γ1), ...,ψ(γM)) : ψ concave,

γ ∈ G (P̄1, ..., P̄M)

}

is a convex set.This means that Problem (P1) can be ef-
ficiently solved. Furthermore, since the only requirement
on ψ′ is concavity, assignments with users switched off on
subcarriers can be optimal. This cannot happen for the log-
convex class because of (6). Interestingly, we have already
seen thatψ′(γ) = γ is not inψs and vice versa the log-convex
utility ψ′(β) = log(β) is not concave inγ under the mapg−1.
Thus neither of both classes are subsets of the other class.

C. Sum Power Budget over all Subchannels

The power allocation among subchannels has been as-
sumed to be constant so far. Concerning the structure of (9)
the situation turns out to be more complicated than in (8).

In the previous subsection it was shown that for any fixed
power allocation the setG (P1, ..,PM) is a polytope and thus
convex. Surprisingly it turns out that this property gets lost,
if power allocation is taken into account.

Lemma 1:The complementary MSE region under a sum
power constraintG (P̄) defined in (9) is not necessarily a
convex set.

Proof: We study a pathological channel assuming
convexity ofG (P̄) and show that this leads to a contradiction.
Consider a system withK = M = 2, normalized sum power
P̄ = 1 and

G =

(
g1,1 g1,2

g2,1 g2,2

)

=

(
100 1
1 1

)

.

Let p(1) and p(2) be power allocations

P(1) =

(

p(1)
1,1 p(1)

1,2

p(1)
2,1 p(1)

2,2

)

=

(
0 0.5
0 0.5

)

and

P(2) =

(

p(2)
1,1 p(2)

1,2

p(2)
2,1 p(2)

2,2

)

=

(
0.1 0
0 0.9

)

.

This leads to

γ(1) =

(
0
2
3

)

and γ(2) =

(
0.91
0.47

)

.



Due to convexity ofG (P̄) the tuple

γ∗ =
1
2
(γ(1) + γ(2)) =

(
0.45
0.57

)

must be achievable with sum power̄P≤ 1.
The setG (P̄) can be upper bounded by

G (P̄) ⊆
[

0≤p≤1

{
γ ∈ R

2
+ : γ2 ≤−γ1a(p)+b(p)

}

where

a(p) =
g2,1p

g2,1p+1
g1,1p+1

g1,1p

and

b(p) =
g2,1p

g2,1p+1
+

g2,2(1− p)

g2,2(1− p)+1
.

This is illustrated in the upper part of Figure 2. The function

γ2(p) = −γ1a(p)+b(p)

is concave inp∈ [0,1] and thus using and upper bound on
the achievableγ2 can be found for any given value ofγ1.
Settingγ1 = γ∗1 and solving

γ̃2 = max
p∈[0,1]

−γ∗1a(p)+b(p)

leads to (see bottom of Figure 2)

γ̃2 < γ∗2

which is a contradiction, sinceγ∗2 must be achievable due to
the convexity ofG (P̄). Thus,G (P̄) is not a convex set.

D. Consequences for the MIMO BC MSE Region

An interesting consequence of Lemma 1 is the following
corollary.

Corollary 1: The region of achievable individual MSEs of
the MIMO BC is not necessarily a convex set.

Proof: This follows from the fact that any system of
parallel BCs can be written as a block-diagonal MIMO BC.

Note that in [7, Thm. 4] it is claimed that the 2-user MIMO
MAC MSE region is a convex set. A direct consequence of
the proof techniques used in [7, Thm. 4,Thm. 5] would be
the convexity of the 2-user MIMO BC MSE region. This,
however contradicts Corollary 1. The reason for that is that
in [7] only tuples with the same sum-MSE are considered,
which is not sufficient for proving convexity of the whole
region.

Unfortunately, it is not clear up to now in which special
cases convexity can be guaranteed.

E. Convexity under the Square Root Law

While in the case of per subcarrier constraints convexity is
achieved in general we have seen that this does not hold for
the regionG (P̄). However under suitable re-parameterization
the region becomes convex.

Lemma 2:Under the transformation

ψ′(γ) = γ1/α α ≥ 2, γ ≥ 0, (12)
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the set

Ψ′(P̄) =

{

∑
k

ψ′(γ1,k), ...,∑
k

ψ′(γM,k), γ ∈ G (P̄)

}

(13)

is a convex set.
Proof: The mappingψ′(γ) is:

• normalized, i.e.γ = 0 → ψ′(γ) = 0
• concave and
• strictly monotonously increasing
Thus, an inverse functionγ = φ(x) = (ψ′)−1(x) exists and

Ψ′(P̄) is characterized by the following set of equations:

∑
m∈M

φ(x)

(

1+
1

gm,kPk

)

≤ 1 ∀k∈ K

∑
m∈K

Pk ≤ P̄
(14)

A sufficient condition for the setΨ′(P̄) being convex is that
the expression

f (x,P) = φ(x)

(

1+
1

gP

)



is jointly convex in (x,P). Now consider the Hessian of
f (x,P) given by

H f (x,P) =





∂2φ(x)
∂x2 (1+ 1

gP) − ∂φ(x)
∂x

1
gP2

− ∂φ(x)
∂x

1
gP2 φ(x) 2

gP3



 .

Due to the assumptions made onψ(γ) we have

tr
(
H f (x,P)

)
≥ 0. (15)

Hence a sufficient condition for positive-semi-definiteness of
H f (x,P) and thus convexity of the problem is

det
(
H f (x,P)

)
≥ 0. (16)

Using (12), after some simple manipulations (16) can be
rewritten

det
(
H f (x,P)

)
= α2x2α−2 1

g2P4
︸ ︷︷ ︸

=:A

(

2(1+gP)(1− 1
α

)−1

)

︸ ︷︷ ︸

=:B

ObviouslyA≥ 0 independent ofα andB≥ 0 is true if

α ≥ 2(1+gP)

2(1+gP)−1
.

and therefore
α ≥ 2

which concludes the proof.
Therefore, settingα ≥ 2 is sufficient to turn the original
region into a convex one. This is referred to as the square
root law.

Corollary 2 (high SINR):For high powers the expression
converges to

lim
P→∞

2(1+gP)

2(1+gP)−1
= 1

allowing even linear utilities in approximation. Hence, also
the standard MSE optimization can be solved with convex
optimization tools at high SINR.
This characteristic does not hold for low SINR. However,
we make an interesting observation in terms of maximizing
the throughput. In general the rateR= log(1+ β) as utility
function belongs neither to the log convex class in [1],
nor is a concave utility function in terms of the CMSE.
Complementing the known result, that at high SINR the
ergodic rate belongs to the log convex class, we get the
following result for low SINR: For low SINR maximizing
the rate for individual power constraints and maximizing the
square root of the ergodic rate for a sum power constraint,
respectively, can be approximated by a convex optimization
problem. This relies on the following observations. For
individual power constraints onlyψ has to be concave. Using
the approximation of the rate for low SINR

R= log(1+β) = − log(1− γ) ≈ γ (17)

results in a concave mapping.
For the sum power constraint we can approximate

R1/2(γ) = (− log(1−√
γ2))1/2 ≈ γ (18)

ThereforeR1/2 ∈ ψM, whereψM will be introduced in the
following section.

F. A New Class of Utility Functions

The latter derivations open up a way for efficiently solving
the problem

max ∑
m∈M

wm ∑
k∈K

ψ′(γm,k)

subj. to ∑
m∈M

γm,k

(

1+
1

gm,kPK

)

∀k∈ K

∑
k∈K

Pk ≤ P̄

(19)

based on the following interpretation: Defineg′(γ) = γ2. If
the utility ψ′ is such that

ψM =
{

ψ′ : R+ 7→ R ,ψ′ ◦g′ is concave
}

, (20)

we can recast the problem

max ∑
m∈M

wm ∑
k∈K

ψ′(x2
m,k)

subj. to ∑
m∈M

x2
m,k

(

1+
1

gm,kPk

)

∀k∈ K

∑
k∈K

Pk ≤ P̄

(21)

which is convex and thus can be solved with standard
convex optimization tools. This result leads to the following
conclusion: Problem (21) can be reformulated as

max ∑
m∈M

wmqm subj. to q ∈,Ψ′(P̄) (22)

which is convex in

qm := ∑
k∈K

ψ′(γm,k). (23)

Using the former definition we get the following Theorem:
Theorem 2:Suppose that the utilityψ′(γ) belongs toψM,

then then the Karush-Kuhn-Tucker conditions are necessary
and sufficient for the solution of Problem (P1) inp.

Proof: The proof relies on the fact thatΨ′ is a convex
set. Suppose that there are two power allocationsp(1),p(2)

such that there is no local ascent direction. By assumption
both power allocations lead to a different value of the
objective function. Since the objective function is linearin
q according to (23) this is equivalent to saying that there
were two pointsq(1),q(2) where the hyperplane defined by
the objective function is supported. Furthermore, there can be
no feasible convex combination betweenq(1),q(2) leading to
an ascent of the objective function. However, this contradicts
the fact thatΨ′ is a convex set.

It is noted here that utility functions do not have to
comply with the square root law. More general, each
concave utility functionψ′ with its inverseφ results in a
convex optimization problem if (15) and (16) hold.



V. M INIMUM SUM POWER UNDERMSE CONSTRAINTS

To minimize the sum power for given MSE constraints we
can now recast Problem (P2) in following form:

min ∑
k∈K

Pk

subj. to ∑
m∈M

γm,k

(

1+
1

gm,kPk

)

≤ 1 ∀k∈ K

∑
k∈K

ψ′(γm,k) ≥ ψ̄m ∀m∈M

(24)

It is easy to see that the derivations made for Problem (P1)
equivalently hold for the sum-power minimization problem.

Theorem 3:Suppose that the utilityψ′(γ) belongs toψM,
then then the Karush-Kuhn-Tucker conditions are necessary
and sufficient for the solution of Problem (P2).

Proof: Similar to the proof ofTheorem 2.
After showing that the problems can both, either be

converted into a convex representation or that only one
global optimum exists for the original formulation for the
presented utility class, designing suitable algorithms isthe
next challenge. This will be tackled in an companion paper.

VI. CONCLUSION

In this paper we studied the convexity of the MSE region
for parallel broadcast channels. We formulated two comple-
mentary optimization problems based on MSE dependent
utility functions: The maximization of the weighted sum
of user utilities at a given sum power constraint and the
minimization of the sum power for given minimum utility
requirements. For both problems a new class of utility
functions was defined that always allows a convex problem
formulation. Therefore the usage of standard tools from
convex optimization is possible and convergence to the
global optimum in polynomial time can be guaranteed. By
introducing the square root criteria we found a straight
forward rule to check if a utility functions belongs to our
class. This set of optimization metrics allows also switching
off users at the optimum and therefore presents a valuable
extension to the known class of log-convex utilities.

VII. A CKNOWLEDGMENT

We would like to thank Eduard Jorswieck for inspiring
discussions about the convexity of the MIMO MSE region.

REFERENCES

[1] S. Stanczak, M. Wiczanowski, and H. Boche,Resource Allocation in
Wireless Networks - Theory and Algorithms, Lecture Notes in Computer
Science (LNCS 4000). Springer-Verlag, 2006.

[2] P Viswanath, V. Anantharam, D.N.C., and Tse, “Optimal sequences,
power control and user capacity of synchronous cdma systems with
linear mmse multiuser receivers,”IEEE Trans. Inform. Theory, vol. 45,
pp. 1968–1983, 1999.

[3] S. Shi, M. Schubert, and H. Boche, “Downlink MMSE Transceiver
Optimization for Multiuser MIMO Systems: Duality and Sum-MSE
Minimization,” IEEE Trans. on Signal Processing, accepted for
publication.

[4] J. Mo and J. Walrand, “Fair End-to-end Window-based Congestion
Control,” IEEE/ACM Trans. on Networking, vol. 8, no. 5, pp. 556–567,
2000.

[5] M. Chiang, Geometric Programming for Communication Systems, now
Publishing Inc., 2005.

[6] M. Schubert and H. Boche, QoS-Based Resource Allocation and
Transceiver Optimization, vol. 2 of Now the essence of knowledge, S.
Verdu, Princeton University, foundations and trends in communications
and information theory edition, 2005.

[7] E. Jorswieck and H. Boche, “Transmission strategies for the MIMO
MAC with MMSE receiver: average MSE optimization and achievable
individual MSE region,” IEEE Trans. on Signal Processing, vol. 51,
no. 11, pp. 2872–2881, Nov. 2003, special issue on MIMO wireless
communications.


