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Abstract— To design efficient online resource allocation algo- important class of utility-functions, that allows a convex
rithms convexity of the optimization problem is an important  problem formulation, was presented in [1]. There, based on
measure. This paper covers the sum-power constraint utility o perron-Frobenius theory, it is shown that for any wtilit
maximization of parallel broadcast channels and the mini- . . . . .
mization of the sum-power for minimum utility requirements. function in dependence of the SINR, Where the inverse is
We derive a class of utility functions that results in convex |0g-convex, a convex problem formulation can be found.
formulations of both optimization problems, thereby extending In this paper we derive a new class of utility functions
known utility classes. By introducing the square-root criteria  pased on the Mean Square Error (MSE) that also results
we present a straight forward test to check if arbitrary utility in a convex problem formulation. It is adapted to parallel

functions belong to our class. Besides the utility framework the - .
paper gives some insights on the general structure of the MSE broadcast (BC) channels such as multiuser OFDM with a

region. Along the way we disprove a result on the general MSE SUM power constraint. Our class extends the log-convex
region correcting a former approach. set in the direction of more throughput oriented metrics.

This is especially interesting since it includes allocasio
where users are not assigned any resources at the optimum,

The increasing demand for bandwidth in wirelesgynich cannot happen with utilities from the log-convex slas
applications and shortage of spectrum represent fundamment

challenges for todays system designers. To allow operators

competitive offering of a variety of services an efficient Il. SYSTEM MODEL
exploration of resources is fundamental. System designers .
have to design resource allocation rules that exploit Consider a system f parallel broadcast channels over

resources best possible related to a whole set of optim'rzatiWhICh a transmitter communlcates_ wiM receivers. More
metrics. However, this has to be done always under t eneral, any set df parallel Gaussian BC can be assumed.

consideration of the real time ability and complexity ofithe € denote the set of subchannels and userscbgnd a4 ,

algorithms. In order to allow a generalized description an[]espectlvely. No assumptions are made on the number of
users to be allocated to each of tKe subchannels. The

variable definition of optimal operation points in wireless itter i tricted to ianal i rTtie
communications system the concept of utility optimizatioﬁransml €r 1S restricted to finear sighal processing.n

seems a promising candidate. It allows combining anayStem can be represented by
weighting of different performance measures like e.g. Yk = hmk Z Xok+Nmk Ymear ke x 1)
the system throughput and fairness. In connection with ' =70 ’

resource constraints like power and bandwidth often asing| hereh-. is the ch b h i q
algorithm is sufficient to solve an overarching family of Wherehim Is the channel between the transmitter and user

optimization problems. In case the optimization problen?" SUPChanneX, xm andymy a_lrelthe;lgnals.trans.mltteld to
is convex a multitude of ready-to-use algorithms exists fop"'d received by usen, respectively. The received signals are

which convergence to the global optimum can be guarante&g/"uPted by circular symmetric white Gaussian naigg ~

in polynomial time. Most times, however, the difficulty is to € °C (0:1)- Due to technical limitations the system is limited
determine weather an optimization problem is convex or c a sum power constraint. Therefore, for the expectation
be transformed into a convex representation, respectivelfp!ué Of the power of the symbols holds

Although.pure throughput maX|m|zat|on for. interference Z E{IXm.kIZ}SP.

limited wireless systems results in general in non-convex
optimization problems, combining it with fairness in a
utility framework can often transform it into a convex one With gmk = |hmk|? the achievable signal to interference plus
For non-orthogonal, interference-limited MIMO systems amoise-ratio (SINR) on subchannklis given by

I. INTRODUCTION

ke K ,mem
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where pm is the power allocated to usen on subchannel utility function (in short utility). Clearly, Problem (Pl

k. With the normalized MSE [2], [3] in general intractable if no further constraints are put on
OmkPmk 5 Y. Even harder, virtually no general results are known for
MSEmic=1- Omk Ynear Pnk+1’ @ parallel BC systemsRestricting our attention to the case

=1 let us first collect some known classes for which (P1)
n be efficiently solved.
The log-convexity class (Stanczak/Wiczanowski/Bfithe)

we define for some technical reason the complementary M
of userm on subchannek as

Ymk = 1—MSEmnk Using (4) Problem (P1) can be rewritten in terms of SINRs.
_ OmkPmk (3)  Denoting this map by : B — y (sub-indices omitted) it was
Omk Ynear Pnk+1 shown based on the Perron-Frobenius Theory in [1] that the

Hence, the minimization problem of MSEs turns into max¢lass of utilities
imization of complementary MSEs. Under the assumption — (VR R (W oa)Lis log-conve
that the optimum linear (MMSE) receive filter is applied, b= {V: Ry =R, (Wog) g 3

the following well-known bijective mapping results in convex problem formulations. This class of func-
Bmk tions includes important utilities like the approximatiof
Ymk = 7 Jré ” (4) ratesR~log(B) at high SINR and different fairness classes
m,

of the formy(B) = % /a,a < 0, introduced in [4]. However,
relates both performance measures to one another. Equivaconsiderable disadvantage ¢f is that users are never
lently the SINR can be represented in terms of the complewitched of completely since

mentary MSE by i 0(B) — 5
B B ym7k BITOLIJ (B) =% ( )
m

k — .
y 1—
_ Vm’_k _ for all §/(B) € Ys. Furthermore, note thaven for the linear
Now, in analogy to the well-established sum-MSE, define thginction yv (y) = y the composition(y/ o g)~* is not log-

sum of the complementary MSEs as convexso that the simple complementary MSE maximization
Vi = z Ymk ME L. (5) s not_ln_cluded in this framework.
Kx A similar class can be deduced from [5]. There a convex

Note that the normalization of the MSEs on each subchanr‘{&rmmaﬂon is obtained by substituting the power in the

yields the upper bound by, < K for all m ogarithmic domain and by representing it as posinomials.

Remark 1:Due to recent duality results (see Sec. IV);rgSS;!?gvnfsalso a straight forward generalization to paral

all our derivations (even though more difficult to see) can b) Problem 2 From an operators perspective it is
be equivalently formulated for a multiple access channel ) L OPS S Persp .
ot always desirable to maximize utilities for constraint

(MAC), hence, extending the possible range of application sources. The dual problem formulation of minimizing the
for our results. However, due to the appealing structure (%Feeded résources fgr iven QoS or utility re uestg has
parallel BC channels with single antennas we stick to th 9 y Teq

BC channel in this paper. t%e same relevance. Thus, we are also interested in the
complementary problem:
Ill. PROBLEM STATEMENT .
min z Pmk

.Users’_ QoS de_mands can be described by some appro- meat kex (P2)
priate utility functions that map the u.sed.resourc.es. mtp a SUbj to W(ym(PL1, ..., Puk) = Bm VM e ar
real number. Here, we are interested in utility maximizatio
(Problem 1) or sum power minimization subject to utilityFor both problems we derive a new solvability criteria by
constraints (Problem 2) in terms of user-wise MSEs. Thigsing a MSE based utility representation instead of the SINR
stands in some contrast to typical direct formulations & thThis allows us to overcome some shortages of the existing
SINRs (or rates) but from a coding perspective appears approaches and extend the known class of utilities for which
be advantageous for parallel BC systems such as OFDM.convex problem formulations can be achieved.

a) Problem 1: Given a general utility functiony :

R, —R,y=[y1,...,ym]" from (5), and non-negative weights
w € RM consider the following resource allocation problemA. Multiuser MSE Region

In this section we study the achievable complementary
max mezM Wl (Y (P11, -, Prakc)) MSE region and derive present results concerning convexity
subj to z Z Pk < P. (P1) First we consider an arbitrary subchanrkel Assume a
mea Kk fixed sum power budgd¥ for subchannek. Solving (3) for
the power of usem we obtain

IV. UTILITY OPTIMIZATION BASED ON MSES

For notational simplification we will also consider the seme
what weaker problem where the utility function is given - P_kJri
by W(Ym) = Skex W (Ymk) Where y' is the per-subchannel Pmk = Ymk Ok /)



B. Fixed Power Budgets per Subchannel

A direct consequence of (7) is that Problem (P1) can be
— | recasted in the form

S P
e /G( ) max Z sz ll-'/(ym,k)

o0sl = | men ek (20)

\ subjto ye G (Py,...,Pu)
i G (P1,P2) % ] or

\ max % Wml(Ym)

0.4f \ 1 men _ (12)
N N subjto ye G (P1,...,Pv)
. P v 1 . . — - .
o2 CTTee §\1*( v . both being convex problems singg(Py, ..., Pc) given in (8)
\ TUNANN \ \‘ is a polytope ify is concave. Equivalently the set of utilities
O0 012 014 (&6 o.‘s ) 1 12 _ _
! WY(Py,...,Px) = {(l]J(yl),...7LlJ(yM)) : ) concave
Fig. 1. lllustration of the different complementary MSE rewgofor a ye g(l51,,I5M)}
specific choice oP; and P, with P, + P, =P.

is a convex set.This means that Problem (P1) can be ef-
ficiently solved. Furthermore, since the only requirement

Summation ovem yields for each subchannkl on Y/ is concavity, assignments with users switched off on
_ 1 _ subcarriers can be optimal. This cannot happen for the log-
Z Ymk <F1<+ gmk) <K convex class because of (6). Interestingly, we have already
memM ’

seen that)/(y) =y is not inys and vice versa the log-convex
and thus the set of achievable complementary MSEs ariility y/(B) =log(B) is not concave iry under the map L.
subchannek for a fixed sum poweP can be written as Thus neither of both classes are subsets of the other class.

— 1
(R = {v: S Vo (1+gmm(

mem

The power allocation among subchannels has been as-
sumed to be constant so far. Concerning the structure of (9)
Clearly (7) is the intersection of a halfspace witl{' and the situation turns out to be more complicated than in (8).
thus a convex set. Moreover, the region isMsdimensional  |n the previous subsection it was shown that for any fixed
simplex. The set of achievable complementary sum-MSEs fgfower allocation the sef (Py,..,Py) is a polytope and thus
a fixed power allocation among subchannels can be writtefdnvex. Surprisingly it turns out that this property getstJo

C. Sum Power Budget over all Subchannels
) <1p.

as _ _ _ if power allocation is taken into account.
G (PP = Gk(R), (8) Lemma 1:The complementary MSE region under a sum
kex power constraintg (P) defined in (9) is not necessarily a
where the summation of sets is defined Jas= y,x, =  CONVeX set.
{X X = YnXn,Xn € Xn}. Obviously, (8) is a polytope and Proof: We study a pathological channel assuming

thus also convex. Taking into account the power allocatiofonvexity ofg (P) and show that this leads to a contradiction.
among subchannels, the achievable complementary M$onsider a system witK = M = 2, normalized sum power
region under a sum power constraint is given by P=1and

G(P) = U G (PL, ..., k). ) G (91,1 gl,g) _ (120 11)

— 2,1 2,2
P, Pk T ke x k=P d 9%

1 2 i
Note that all regions equal their dual MAC counterparté’et p and p? be power allocations

based on the following duality theorem explored first by [6] p(l) p(l) 0 05
Theorem 1:1f duality holds for SINR then it holds for P = ( (11% (11§> = <O 05)
MSE as well. P21 P22 '
Proof: Both SINR and MSE can be achieved if and onlyand
if there is some power allocation for an optimal receive filte p2) _ p(lzi p(12% _ (O 1 0 )
Hence, for any feasible SINR, MSE the bijections (3),(4) - p(zzi pg ~\0 09
hold. ’ ’

. .
The relation betweeg (P), G (P1,P,) and g (Py) is illus- ~ This leads to
trated exemplarily in Figure 1 where it can be seen that the 1 0 2 0.91
FE . Y = and y? =
shaded region is non-convex as discussed next. % 0.47



Due to convexity ofg( P) the tuple

1) 2) 0.45
% +v?) (om)
must be achievable with sum povar< 1.
The setg( P) can be upper bounded by

U {veR%:y2< —yia(p)+b(p)}

0<p<1
where Gap g1iptl
21 11
a(p) = - ’
P O21Pp+1 gu1p
and
b(p) = O2,1P g22(1—p)

+ .
O21p+1  @2(l1-p)+1
This is illustrated in the upper part of Figure 2. The funatio
Y2(p) = —y1a(p) +b(p)

is concave inp € [0,1] and thus using and upper bound on
the achievablep, can be found for any given value @f.
Settingy: =y; and solving

Y2 = max —vyja(p) +b(p)

0.65

0.6

05

pel0,1] S 0.451
: —via(p) +b(p)
leads to (see bottom of Figure 2) 04l
VZ < VE 0.351
which is a contradiction, sincg must be achievable due to 0l
the convexity ofg (P). Thus, g (P) is not a convex set. m
025 Il Il Il Il
D. Consequences for the MIMO BC MSE Region 0 02 o408 08 !
An interesting consequence of Lemma 1 is the following

corollary. Fig. 2. lllustration of the proof of Lemma 1: Achievable regemd convex-

Corollary 1: The region of achievable individual MSEs of compinationy* (top). Gap betwee; andyz = —y;a(p)

the MIMO BC is not necessarily a convex set.
Proof: This follows from the fact that any system of

parallel BCs can be written as a block-diagonal MIMO BCthe set

Note that in [7, Thm. 4] it is claimed that the 2-user MIMO W’

MAC MSE region is a convex set. A direct consequence of

+b(p) (bottom).

{ZQJ YLk)s ZLIJ Ymk)s YE G ( )} (13)

the proof techniques used in [7, Thm. 4,Thm. 5] would bés a convex set.

Proof: The mapping)/(y) is
however contradicts Corollary 1. The reason for that is that « normalized, i.,ey=0 — {/(y)=0
in [7] only tuples with the same sum-MSE are considered, « concave and

the convexity of the 2-user MIMO BC MSE region. This,

which is not sufficient for proving convexity of the whole
region.

« strictly monotonously increasing
Thus, an inverse functiop= @(x) =

(W) ~1(x) exists and

Unfortunately, it is not clear up to now in which specialy’(P) is characterized by the following set of equations:

cases convexity can be guaranteed.

E. Convexity under the Square Root Law

While in the case of per subcarrier constraints convexity is
achieved in general we have seen that this does not hold for

1
<1 Vkex
)

m,k

> <P

mex

mezM o(X) <1+ g

(14)

the regiong (P). However under suitable re-parameterizationy gyfficient condition for the se¥’(P) being convex is that

the region becomes convex.
Lemma 2:Under the transformation

‘(Yy=y"* a>2,y>0, (12)

the expression

f(x,P) = @(x) <1+ glp>



is jointly convex in (x,P). Now consider the Hessian of F. A New Class of Utility Functions

f(x.P) given by The latter derivations open up a way for efficiently solving

62¢(2X)(1+ Ly 1 the problem
Htxp) = X a0x) N -
T Tox gP? (p(x>gT)§ max z Wm z W' (Ymk)
Due to the assumptions made giy) we have mear kex L
tr (Hexp)) > 0. (15) subjto vm,k(1+ PK) vk e x (19)
. . ey 7 e . . . mEM gm7k
Hence a sufficient condition for positive-semi-definitenes A <P
Htxp) and thus convexity of the problem is G
det(H >0. 16
( f(X’P)) - (16) based on the following interpretation: Defiggy) = y?. If
Using (12), after some simple manipulations (16) can bge utility g/ is such that
rewritten
_ /. ! / -
det(Hrixm) = GZXZG_2921P4 <2(1+gP)(1 %) 1> Um={¥:Ry » R,y og is concave, (20)
~ ~ we can recast the problem
. S0 S0i .
Obviously A > 0 independent ofi andB > 0 is true if max Z Wi Z lIJ'(Xan,k)
2(1+gP) mea  kex
~2(14gP) -1 . 5 ( 1 )
subjto Xmkl 1+ ——= | Vke x 21
and therefore g mEZM mk ImkFPk (21)
0=2 S <P
which concludes the proof. [ kex

Therefore, settingx > 2 is sufficient to turn the original o .

o . which is convex and thus can be solved with standard
region into a convex one. This is referred to as the square T . .
root law. convex ppt|m|zat|on tools. This result leads to the follogyi

Corollary 2 (high SINR):For high powers the expression conclusion: Problem (21) can be reformulated as

converges to 2(1+gP) max Z WmOm Subjto qe&,W(P) (22)
Plo2(1tgP)—1 meaf

allowing even linear utilities in approximation. Hences@l which is convex in

the standard MSE optimization can be solved with convex

optimization tools at high SINR. Imi= Y W'(Ymk)- (23)

This characteristic does not hold for low SINR. However, kex

we make an interesting observation in terms of maximizin

the throughput. In general the rae=log(1+B) as utility

function belongs neither to the log convex class in [1]t

nor is a concave utility function in terms of the CMSE. h . . .

Complementing the known result, that at high SINR thé?Ind sufficient for the SOIL_mon of Problem (P/l_)pn

ergodic rate belongs to the log convex class, we get the Proof: The proof relies on the fact that' is a convex

following result for low SINR: For low SINR maximizing S€l: Suppose that there are two power gllocatpﬁé p® _

the rate for individual power constraints and maximizing th SUCh that there is no local ascent direction. By assumption

square root of the ergodic rate for a sum power constraiffth Power allocations lead to a different value of the

respectively, can be approximated by a convex optimizatio?bjecnve function. Since the objective function is linear

problem. This relies on the following observations. Fof &ccording to (23) this is equivalent to saying that there

. 1 2 .
individual power constraints only has to be concave. Using We'® tWo .p0|ntsq<.>,q_( ) where the hyperplane defined by
the approximation of the rate for low SINR the objective function is supported. Furthermore, therelea

no feasible convex combination betweg®,q@ leading to

nging the former definition we get the following Theorem:
Theorem 2:Suppose that the utility’(y) belongs tody,
en then the Karush-Kuhn-Tucker conditions are necessary

R=log(1+pB) =—log(1-y) ~y (17)  an ascent of the objective function. However, this contiadi
results in a concave mapping. the fact thaty’ is a convex set. [}
For the sum power constraint we can approximate It is noted here that utility functions do not have to

12,0 _ [ 7 12 comply with the square root law. More general, each

RYE(y) = (~log(1 WZ)) =Y (18) concave utility functiony’ with its inverse@ results in a

ThereforeRY2 € i, where Py will be introduced in the convex optimization problem if (15) and (16) hold.
following section.



V. MINIMUM SUM POWER UNDERMSE CONSTRAINTS [6]

To minimize the sum power for given MSE constraints we

can now recast Problem (P2) in following form:
(71

min z P
kex
1
subjto k| 1+ <1l Vvkex
j mEZM vm,k< gm,kH<> (24)
Y W¥mk) = Um  Vme o
ke x

It is easy to see that the derivations made for Problem (P1)
equivalently hold for the sum-power minimization problem.
Theorem 3:Suppose that the utility’(y) belongs toyy,
then then the Karush-Kuhn-Tucker conditions are necessary
and sulfficient for the solution of Problem (P2).
Proof: Similar to the proof ofTheorem 2. [ ]
After showing that the problems can both, either be
converted into a convex representation or that only one
global optimum exists for the original formulation for the
presented utility class, designing suitable algorithmshis
next challenge. This will be tackled in an companion papetr.

VI. CONCLUSION

In this paper we studied the convexity of the MSE region
for parallel broadcast channels. We formulated two comple-
mentary optimization problems based on MSE dependent
utility functions: The maximization of the weighted sum
of user utilities at a given sum power constraint and the
minimization of the sum power for given minimum utility
requirements. For both problems a new class of utility
functions was defined that always allows a convex problem
formulation. Therefore the usage of standard tools from
convex optimization is possible and convergence to the
global optimum in polynomial time can be guaranteed. By
introducing the square root criteria we found a straight
forward rule to check if a utility functions belongs to our
class. This set of optimization metrics allows also switcghi
off users at the optimum and therefore presents a valuable
extension to the known class of log-convex utilities.
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