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Abstract— This paper discusses the user assignment in
wireless multi-system multi-service scenarios. The proleim
is to find the optimal service-mixes on all individual
subsystems. The optimal service-mixes maximize the com-
bined system user capacity subject to a fixed combined
mixture of service requests. In general directly solving tle
optimization problem with the combined service-mix con-
straint is difficult. However, using duality a reformulatio n
is presented that can be solved efficiently with standard
convex optimization tools. An algorithm is presented that
converges to the optimum service allocation for linear user
capacity regions. However, convergence can be proofed for
arbitrary convex regions.
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1 INTRODUCTION

Today mobile operators offer a multitude of services
on multiple radio access technologies to their customers.
Modern user equipment is often capable to support
several services and radio technologies. Although new
air-interfaces will conquer the market soon operators
will still be interested to exploit their legacy systems. In
terms of coverage, maintenance and overload situations
it can be beneficial for them to support users by an
air-interface of their choice flexibly. These needs are
reflected in the releases of 3GPP that cover not only the
possibility to perform inter-system hand-overs but also
allow the exchange of load parameters. This parameters

be allocated in multi-system scenarios. It was shown that
high gains in terms of supportable users can be achieved
if service aware user assignment is performed. [1] also
presented an algorithm to find a near optimum service
allocation. However, for a given combined service-mix,
individual subservice-mixes have to be extracted from a
mapping table.

For many radio technologies and services the number
of supportable users of one service decreases linearly
with the number of users of other services. This was
shown for voice and data services in CDMA systems
in [2] [3], but is suitable for all interference limited
subsystems. In [4], [5], similar results were obtained
and applied to cross-system optimization. Motivated by
these results this paper presents an algorithm to calculate
the optimal service-mix on all available air-interfaces
assuming linear subsystem capacity regions (SSCR). It
can be shown however that the algorithm is not restricted
to the linear case. As long as all SSCR are convex
convergence to the global optimum can be proved. While
the calculation of the user assignment that maximizes a
weighted sum of service arrival rates can be achieved
with standard optimization tools here the maximization
of rates at a fixed sum service-mix is considered. This
relates to the scenario when an operator wants to sup-
port services proportionally fair to the service requests.
Directly solving the optimization problem subject to a

are usually used to balance the consumption of resources fixed sum service-mix is difficult. Therefore, based on

on individual radio access technologies and aim to
increase the service reliability. In general air-inteefsic
can be better suited to support a specific service than
other ones. One reason for this can be differences in
modulation and coding schemes for example. In this case
load-balancing without consideration of the service-type
leads to arbitrary service-mixes on all air-interfaces and
is in general suboptimal for common utility functions.
For operators therefore the following question arises.
What are the optimal service-mixes on individual air-
interfaces, that result in a requested overall mixture of
services? This questioned was addressed in [1]. There
principles were discussed how multiple services should
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duality, a reformulation of the problem is presented.
The transformed problem can be efficiently solved with
standard convex optimization tools. In contrast to the
algorithm presented in [1] it is not necessary to cal-
culate a complete mapping between combined and sub-
system service-mixes. For a given combined service-mix
convergence to the optimal subservice-mixes is usually
achieved in few iterations.

This paper is organized as follows: In Section 2
the system description, the definition of the SSCR and
the optimization problem are given. Section 3 covers
general properties of combined capacity regions. Section
4 shows the dual reformulation of the optimization prob-
lem. The algorithm and simulation results are presented
in Section 5. The paper is concluded in Section 6.



2 SYSTEM MODEL

Notations: Bold symbols denote vectors or matrices.
The indicesm, n correspond to thex, n" subsystem,
service and are used to address elements of vectors or
matrices.[-]; is the i*" entry of a vector,(-)” denotes
transpose and is the identity matrix.||-||; is the ;
norm. All used variables and entries of vectors are real
and positive if not stated different.

A scenario consisting af/ subsystems all supporting
the same set aV service classes,,n € .{1,...,N}is
considered. All subsystems have the same coverage and
equal channel models are used. Further it is assumed
that each user uses only one air-interface per service at
a time and has full connectivity to alli/ air-interfaces.
Diversity gains achievable by assigning multiple subsys-
tems to a single user have been shown to be small at high
user numbers in [1] and are therefore not considered. In
the scenario there ar& users all belonging to one of
the N service classes with’,, members. For simplicity
the QoS constraints of service classes are given by a
minimum SIR3,,, .

2.1 Service-mix

The service-mixx,,, in subsystemn € 1,... M isa
N-dimensional vector. Its entries are defined as the ratio
of service arrival rate, in air-interfacem and service
classn and the sum of rates in that air-interface

ap, = lamln =18/ > 1. (1)

In the same way thév-dimensional service-mix vector
«a of the combined systems can be defined with ele-

ments:
n n
D/ 2
n,m

2.2 Subsystem Capacity Regions

n= )
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In this paper the user capacity is considered. The sub-
system user capacity region (SSGR), of a subsystem
m is defined as the set of all service arrival rate vectors
rm = [r,...,7N], where a maximum average outage

probability Pyt ma IS NOt exceeded:

Cm = {'rm : Pout('rm) < Pout,ma;ﬂ} (3)

The average outage probability is defined as the proba-
bility that not enough resources are available in an air-
interface, independent of the service class, to meet a
minimum SIR. Since we restrict our model to linear
regionsC,,, can be defined by am-dim hyperplane with
normal vectorn,, and distancel,,

C,,={rm: n%rm <dn}.

(4)

EquivalentlyC,, can be characterized by the set/gf
maximum single service rates;, ,,,, which are the
intersection points of the hyperplane with the axes.
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Fig. 1. Characterization of capacity region

2.3 Combined SSCR and Optimization Problem

In multi-system scenarios subsystems are usually or-
thogonal to each other. Therefore the combined system
capacity is comprised by the sum over all SSCR=
> m Cm. Now the optimization problem can be formu-
lated. For a given combined service-mix maximize
the feasible sum rate and determine the corresponding
optimal service-mixegx,,, on all subsystems

C?® = max|| E T2
(e 277
m

<dp, Yme{l,....,M} (5)

T
s.tn,, r,
> rm
m

with ¢ a positive constant. Fig. 1 characterizes the capac-
ity regionsCy, Cy andC for M, N = 2. Point B is the
solution to (5) at a given combined service-naix The
difficulty of the optimization problem is the constraint
on the combined service-mix.Without this the problem
would reduce to maximizing a sum of weighted rates
and could be solved with standard convex optimization
tools. If one neglects the service-mix constraint and uses
7! a as a weight vector instead, maximizing the
weighted sum of service arrival rates leads to point A. As
can be seen the service-mix at point A is in general not
equal to the weight vector and therefore also different
from point B. Point D visualizes the maximum rate
vector with equal service-mixas on all SSCR, which

is clearly suboptimal.

=ca,

3 PROPERTIES OF THE INDIVIDUAL AND
COMBINED CAPACITY REGIONS

3.1 Individual SSCR

In this paper linear SSCR are assumed. Since this as-
sumption is not intuitive some remarks and simulations
are presented here.

For interference limited systems like CDMA for
example the limiting factors determining the outage
and therefore the SSCR are usually power constraints.



Although it is noted here that system capacity is limited
also with infinite power budgets and outage can also
occur because of a lack of codes. For CDMA uplink a
useri € {1,..., K} with minimum SIR g; is feasible
if

hipi
(L4 ) 22z hjpy + mun”

with spreading gainNsg, channel amplificationh;,
transmission powey; andn;, AWGN. Intercell interfer-
ence is modeled as multitude of the intracell interference
and incorporated by using factgr. Assuming that all
users belong tadv service classes, with K,, users and
Bice,, = B., the equation above can be reformulated
following [2] to:

Bi < — (6)

Nsr

N

S Ky <1 — ol
= BTl minier[hipi(£ + 1)) (7)
0 =Nsr(1+f)

This equation describes the area below a hyperplane
were the normal vector is determined by the left side of
the equation and the distance by the right one. To obtain
the capacity region one has to evaluate the probability
that the condition above is met. Under the assumption
that the right side of the equation is independent on the
service-mix the capacity region for CDMA is also lim-
ited by a hyperplane with a normal vector proportional
to the left side of (7).

In GSM outage results most times from a lack of free
time slots. In this case the capacity region is limited
also by a hyperplane with normal vector pointing in
a direction proportional to the number of time-slots
needed per service. However, at high data rates it also
occurs because of too low SIR and therefore lack of
power.

Without simplifications the form of capacity regions
depends on the call arrival processes and channel dis-
tributions and is in general not linear. For low outage
probabilities simulations however justify the approxi-
mations in form of hyperplanes for GSM and UMTS.
The simulated capacity regions for UMTS and GSM are
shown in Figure 2 for two service classes with minimum
data rates of 12.2 kbit/s and 22 kbit/s respectively and
a maximum outage probability of,,¢ mex = 0.1.
The simulation environment considers Poisson service
arrival processes with exponentially distributed dumatio
with 120s mean, equally distributed users on 30 cells,
lognormal distributed slow fading and perfect power
control for UMTS. Similar results have been obtained
in [4] for UMTS/GSM and, using noise rise as outage
condition, in [3] for CDMA.

3.2 Combined SSCR and weighted sum optimization

Some basic properties of combined sum capacity
regions with linear subregions can be formulated:
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1) The combined capacity region will be &-
dimensional convex polytope.

2) To reach any point on the boundary there exists
always a set of rate vectors where fof — N + 1
air-interfaces the rate vector has only one nonzero
entry

mmh_{li:j

eM' C1,...,M]. (8

01z mEMC] G
The proof relies on Lagrange theory and is omitted
due to the lack of space.

3) To determine the weighted sum rate (point A in Fig.

1) knowing the normal vectora,, is sufficient.

Finding the maximum weighted sum rate with a weight
vectorp can be interpreted geometrically as maximizing
the distance of a hyperplane with normal vegtoto the
origin overC'. The maximum weighted sum rate vector
v to the osculation point A is the sum of the vectors
v,,. For all SSCRw,, is obtained by maximizing the
distance of the hyperplane over individual subregions
and taking the rate vector to the osculation points. For
linear sub capacity regions the osculation points can be
determined by

i r;n.,mam
Uy =
0 else
If all v,, are unique point A will be a vertex, if
multiple solutions exist A is a rim or a face of the

convex polytopeC. The maximum weighted sum of
service arrival rates can be written as

if ¢ =argmaxn, (i,
n

9)

Jwsr(w)
(10)

M
1> om0,
m=1

which is shown in the following. If the SSCR are known
one element of the rate vectorg, can be expressed in
terms of the other ones

N).

rTm

(11)

1 2
Toy = fm (T - -



Using the constraints that for’ = {2...,N}, 0 < Since C,, are convex and compact subsets ®f’
< T:};,mam the Lagrange function can be expressed assumed to be non empty and the same is true for the

by set of weight vectors, the min-max Theorem (proposition
5.4.4 in [6]) can be applied, resulting in

N M
Ly ) = D2 D [+ A% = N ym) N
n=2m=1 C*= min max Z o]t Z ry. (16)
M 25:1 anlrmecM n=1 m
+ A4 m maa] + 1 Z (s 7)) In [7] a similar result was obtained by directly applying
m=1 (12) Lagrange Theory. In (16) one recovers the maximum
weighted sum rate problem which was solved in the
where A7, A, ., are the dual variables. For convex |ast section. The maximum weighted sum rate has then
SSCR at the optimum the KKT conditions are satisfied: to be minimized overu. For this problem standard
AL(r™ | \) P convex c.)pt.imization tools can be use_d to find the \_/veights
8772” = pn + Ay, — Nipym + W”lf’”(' .)=0 that minimize (16). The optimum weights determine the
"'m T'm normal vector of the wanted face of the polytope.
v:fn AnTm = AMgm (Tm — Tm,maz) = 0;A >0

(13) N*: arg min fWSR(’y)v (17)
Snoalpln=1
P 9 2 Ny
For linear SSCRy . fin (1, 7, ) IS constant and iy 11— [4),/[ali. With p* and a the optimum

determines it} is zero,y, ..., Or can be chosenfreely.  yqint B'in Fig. 1 can easily be determined. The optimal
For arbitrary convex SSCR the slope of the border of the - gpsystem rate vectors and therefore the service-mixes
capacity regions are equal at the optimum service-mix can now be calculated from (9) 7, — v, (). For

or 7, IS Z€ro orry, ., respectively. all non uniquew,,, (11*) the service-mix can be obtained

4 MAXIMUM CAPACITY WITH FIXED SERVICE -MIX by solving a system of linear equations.

The maximum weighted sum rate point on the com- 5 ELLIPSOID METHOD

bined capacity regio® and the corresponding rate vec- To solve (16) like in [7] the ellipsoid method is
tors on the SSCR can now be calculated by evaluating ysed here. It is a generalization of the bisection method
equation (9) and (10) for a given weight vector. One way o multiple dimensions. Since the minimization is per-
to solve the optimization problem in (5) is to evaluate  t5rmed over the surface of a polytope derivatives do
(9) and (10) for all possible weight vectors and create @ ot need to exist. However, sinc€ is continuous
map containing all vertices of the convex polytope. Then everywhere, a sub-gradient can always be found. In
exhaustive search can be used to determine the face of gnnection with convexity of the polytope this sub-

the polytope, where a vector in direction of the combined gradients can then be used with the ellipsoid method

service-mix pierces. However, with increasihg V this and convergence to the optimum can be proofed. A
strategy gets very elaborate and seems to be infeasi- \jig sub-gradient,S" ([a; 12 — [a];,er) n €
ble if SSCR are arbitrary convex regions. Therefore a 1 ~ n _ 1} can bg rea?i o?'fl if the surﬁ constraint

different approach to solve the optimization problem is o, the weights is integrated in (16) and reformulated in
presented here. The first step is to determine the normal e following way

vector p* of the face of the polytope on which B lies.

Geometrically one could unroll a hyperplane G6hin 0% — mi e 1 n
the direction ofa until N neighboring vertices of B =2 pnled, Zrm
are determined and calculgk&. Mathematically a more N1 =t "
elegant method using duality is presented here. Although -1 N
" ! : +(1- a T
the utility function and all constraints of (5) are convex ( ; Hn)ledy zm: m
directly solving the problem is difficult. However some N_1
reformulations simplify the problem. At first the service- — min max Z Z([a]—lrn — [N n
mix constraint can be incorporated in the following way: B rm€CH —
-1 N
C® = max min[a],* ZT% (14) +[a]y T
rm€C, N - m
18
The minimum over all services can also be written in ) ) ) (18)
terms of which can be proven to be an affine underestimate. The
N algorithm is initiated by building av — 1 dimensional
O — max min Z“ [a]—1 Zrn (15) ellipse with matrixE = (1 — %)IN,l covering the
- n n m-*

Tm€CMIN | =117 feasible weight spac{fj;ll tn, < 1. In each iteration

=1 m



Algorithm 1 Ellipsoid Method
initialize E = (1 — £)In_1, 0 = &
while maxeig(E) > stopping thresholddo
(1) calculate) ", v, () according to (9)
(2) calculate and normalize sub-gradient

[sln =lad " Yo () = el Y v

o 19)
S =
vsEs
(3) update ellipse
N 1
o =py — NES, Yn={1,...,N -1}
N-1
pho=1-> pt (20)
n=1
N—1)2 2
E*t Gt o E- _—E3"E
S SR )
end while

(16) is evaluated with a weight vector corresponding to
the center of the ellipse. With the resulting rate vector
the sub-gradient is calculated and one half-space can be
erased from the set of the feasible weight vectors. Then
the ellipse with the smallest volume, which covers the
intersection of the old one and feasible halfspace, is used
for the next iteration step. In each iteration the volume
of the ellipsoid decreases. For the algorithm there are
several stopping criteria known. In the simulations the
algorithm is terminated if the longest half-axis of the
ellipsoid is smaller than a certain threshold. Details are
given in Algorithm 1. A convergence proof and more
sophisticated stopping criteria can be found in [8].
Figure 3 shows the optimization result fdf = 3 and
30 subsystems with random SSCR. Here also the optimal
rate vectors andv are depicted. The convergence speed
of the algorithm is shown in Fig. 4 for the weight vector
elements and the maximum half-axis of the ellipse.

6 CONCLUSION

We presented an efficient algorithm to find the optimal
service-mixes in multi-system multi-service scenarios.
The aim was to maximize the combined user capacity
at a given combined service-mix for linear SSCR. The
min-max theorem could be applied to reformulate the
optimization problem into minimizing the maximum
weighted sum rate. After presenting the solution to
the maximum weighted sum rate problem the ellipsoid
method was applied to solve the original problem. The
results were validated by simulations.
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Fig. 3. Combined Capacity Region for 3 services and 30 ssteBys
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