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Abstract

The renewal-reward theorem has been widely used in the literature to provide the expected throughput of ARQ systems
when the inter-arrival intervals between consecutive message acknowledgements (ACKs) are iid random variables. In
cases however when the channel error probability may be allowed to vary with time the above approach cannot accurately
estimate the desired throughput time-average. For such scenarios we propose a 'short-term’ measure for the expected
throughput of ARQ systems up to some predefined numberreceived ACKs and explicitly show that it converges
asymptotically to the 'long-term’ renewal-reward result wher> co. A Maximum Zero-outage short-term Throughput

(M ZT;_;) metric is further introduced. Its value is shown to be greater than the respective VBKXIE (;) for the 'long-

term’ case. We conclude that use of the renewal-reward theorem in cases of varying error probabilities may underestimate
the maximum possible transmission rate and the short-term measure is more appropriate.

1 Introduction mize throughput and minimize latency. In recent literature

([5], [6] and references therein) cross-layer approaches ha-
In wireless packet communications, automatic repeat re/® been suggested where information from medium access
quest (ARQ) protocols are used to overcome transmissiofPntrol (MAC) and the physuy:al (PHY) layer are combined
errors, occuring due to the fading nature of the channef OPtimally adapt the users’ power and rate to the instan-
use of finite-length codewords and the presence of intef@neous channel quality taking into account QoS parame-
ference. On the other hand support of specific quality oférS such as current queue lengths and maximum accep-
service raises delay constraints. In such practical systenfble delay. Scheduling decisions are put into action after
existing measures, such asgodic capacity e-capacity each message retransmission circle has successfully (or un-
or delay-limited capacitgither cannot quantify error-free Successfully in the case of truncated ARQ protocols) been
communications or are overly conservative, as was rathdthalized and will affect the next waiting buffered packet
interestingly explained in [1]. For this reason in [1] and [2] © be_sent. In such scenarios the channel’s pr_opabl_hty of
the focus concerning channels with retransmissions is offTOr is bound to change each time a new decision is ma-
throughput (‘goodput’) rather than transmission rate andle over the values of transmission rate and power. Other
the aim is its maximization given some probability of error POSSible cases for a change of the transmission error pro-
for the channel [1]. Application of th#enewal-reward’ bability with time is when the acknowledgement history is
theorem[3] can provide the long-term throughput time- used to optimize decisions over future retransmissions, as
average of communication systems incorporating retransuggested in [7], [8], or when bursty errors occur often in
missions, as suggested in [4] and has been vastly used # unpredicted fashion.

the current literature as a measure of system performances such dynamic situations as mentioned above, estimation
Consider now a scenario where multiple access terminalsf the throughput in the long-run based on the renewal-
within a cell communicate with a base station. For eactreward theorem is not any more applicable. This is due to
user a queue can temporarily buffer the amount of randonthe simple fact that the inter-arrival times between con-
ly arriving data which cannot be immediately served due tsecutive ACKs are not any more identically distributed.
limited resources, while a simple Stop-and-Wait ARQ pro-In such scenarios the assumption that the renewal process
tocol with success probability per trial equalg¢ds imple-  probabilistically starts anew after each packet reception [3]
mented for correction of possible erroneous transmissionsloes not hold. A discussion over the renewal-reward theo-
In such systems a fundamental problem is the optimal allorem and its use in the recent communications literature re-
cation of resources among the users with the aim to maxiated to ARQ is provided in Section 2.
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In the current work we suggest and investigate the use of provide the long-term system throughput of a communica-
new measure to provide estimates of the expected systetions system using ARQ protocols. The first one focuses on
throughput in such cases where the renewal-reward thedimiting behaviors of time averages while the second one
rem cannot be applied. This measure is the expected valws ensemble averages. Variablesdr take values on the

up to some predefindihite number of acknowledgements non-negative discrete time axis since the communications
(ACKs), sayr, for which the error probability of the chan- systems are usually considered time-slotted.

nel is expected to remain constant and afterwards probab . -
changes and is introduced in Section 3. The simplest Ca_heorem 1 LetR(t)bea renewe_;ll fun_ctlon prowdmg the
se forr — 1 is the expected throughput up to first ACK rate gain _of the ARQ system at timeawith expected inter-
and referes to a scenario where scheduling is dynamicall .newal t'm.eE [N I E[N] < oo or B[R] < oo, then
bound to change after each correct packet reception, call th probability 1

the’short-term ARQ throughputin what follows explicit 1 E[Ry]

expressions are provided and the convergence to the 'long- Jim - Y R(r)= EN] (1)
term ARQ throughput’ (renewal-reward) is proved, as ex- 7=0

pected, forr — oco. The short-term value is greater than where

the long-term one, as a direct consequencepifonally R R

stoppingafter ther-th success [9]. Ry =(Sk-1—Sk)-—=n-—=R & Np=n(2)
Following [1] we define in Section 4 thglaximum Zero- " K

Outage short-term Throughp(d/ ZT,_), derive its solu- 1hen the long-term system throughput equals

tion for the special case of Rayleigh fading channel sta- 1 R

tistics and prove that the transmission rate to achieve it lim - R(T) = == (3)
is greater than the argumeRE™>* = W (p) obtained in t=oo t T E[N]

the long-term case. We thus conclud_e that the ren_ewal]-heorem 2 Let R (t) be a renewal function providing the
reward theorem may actually underestimate the maximurp,;, gain of the ARQ system at renewal timavith ex-
rate that can be transmitted through the channel, when we, . inter-renewal time [V]. If renewals occur only at

are interested in short-term gains. The comparison beyjigcrete-time epochs (meanings ') then with probabi-
ween the suggested measure and the throughput using tﬁo@, 1

renewal-reward theorem is further illustrated in plots. Sec-

tion 5 contains the conclusions of our work. Proofs of all lim B[R (t)] = E[Ry] R @)

propositions in the main text can be found in the Appendix. t—00 ~ E[N]  E[N]

Observe here thequality of the limiting behavior for the
time and ensemble average of the renewal pracHss va-
2 Some Renewal Theory Results lue of the above average depends solely on the distribution

of the inter-arrival times and silently assumes that inter-

Based on renewal-reward theory retran§m|53|ons can B&ival random variables are independent identically distri-
understood as a renewal process. In this case a renewgl.q throughout the renewal process

event occurs when an ACK is fed back after a certain nonp, yireless communications, transmission errors can be
negative numper ,Of consegutlve NACKs d“e t.o eIToN€0UZescribed as outages having probability of occurence
packet transmission. The inter-renewal time is a randorrb . (p, R) - a function of powep and rateR.

variable denoted a#’, with uncountable discrete state- =~ *“ "’

spaceV; = {1,2,...} the number of efforts until correct ~ p_ . (p,R) = P (10g (1 +H ()] p> < R) (5)
packet reception. The time at which a renewal occurs is fur-

ther a discrete process (arrival process) given as the sum Gfiven the above expression, and denotingtbyhe event
the inter-renewal intervals up to the current renewal epochof outage at triak, the probability that a codeword will
Sx = Ny + ...+ N is the time of occurence for the k- needn efforts until it is correctly received is [1]

th renewal. With the above discribed renewal processes a

reward functionR (t) is further introduced that models a n—1 n—1

rate at which the renewal process accumulates a rewardp (N=n)="P (ﬂ gi> 1—P (gn| ﬂ gl)] (6)

The value ofR (t) depends on thageof the process and i=1 i=1

the duration of the inter—rene_wal interval contai_ning timg and the throughput of the communications system can be
t. Here the reward may be \(lewed asa rate gain each t'"Erovided by the previous theorems

a message is correctly received. Then if the constant trans-

mission rate of the system 8 and NV, = n is the inter- ) ) R

renewal interval forS,_; < ¢ < Sy, the actual rate gain 7 = 1im 2T () = Jim E{R(1)] = E[N] )

t

between thé — 1-th andk-th ACK (throughput or 'good- =0
put’) equals% forming a reward function with the afore- If the error probability per trial remains constant, the re-
mentioned properties. The following two theorems [3] cantransmissions resemble Bernoulli trials and the throughput



merely equalf? (1 — P,,¢). Inthis caseV isgeometrical-  This is called the 'short-term’ system throughput.
ly distributed. In what follows the above expression will be The expected value untilsuccessful receptions is
called the 'long-term ARQ throughput’.

Using the aforementioned framework, the authors in [2] Ts@t (p,R)=R-E [%}
have derived explicit expressions for the throughput of dif- N
ferent Hybrid-ARQ protocols operating in channels with 1

. J r
Gaussian noise and interference, whereas in [1] and assu- p; . Z - (P - 1> I <;D - 1) rlog (1 - p)
ming equal success probabilities per trial the authors ha- - p D

ve introduced a new metric, namely tfMaximum Zero- (1)

Outage Throughpu{MZT) which equals the maximum As the number of accepted messages approaches infinity

achievable throughput in fading channels with errors. Fothe expected value of throughput has the following limit
Rayleigh fading an explicit solution has been derived
R

Ti—t(p, R) = EN]

MZT(p) = swRL-PoulpR)  © =R(1-p) (12)

Rayleigh sup R - exp (_pﬂ (eR _ 1))(9) This provides the ’long-term’ system throughput, equal to
R that using the 'renewal-reward’ theorem.

The argument maximizing expression (9) eq%a)gatx = The behavior of the expected value of throughptit, as
W (p) whereW (z) solves the equation (z) - (*) =2 the predefined number of acknowledgements increases
and is called the Lambew function [10]. is illustrated in figure 1 for different values of error pro-

babilities. It is clearly shown that the short-term measure
converges asymptotically to its long-term value-ascre-
3 Short-term Measure ases. Furthermore, it can be observed that the results using

) ) ) ) renewal-reward may differ much from the short-term case.
In scenarios presented in the introduction, where the char?;Or = 1 the following Corollary explicitly emphasizes

nel error probability varies with time, the assumption,q comparison between the two measures.
of identically distributed inter-renewal intervals does not

hold. In such cases the limiting time-average or ensemble Expocted Value of Throuighput ve No  of ACKs
average behavior of the reward cannot actually be used 1 . @ 1 1 .
provide a measure of system throughput. In the followi-
ng we suggest the use of short-term measures to estime
throughput performance. We assume that the channel err
probability remains constant up to some predefined fini
te number of ACKs (renewals), say and then probably
changes. Given a scenario where after each ACK the sch
duler changes the values of allocated power or transmis
sion rate for the observed user, #sort-term throughput
can be derived as the ensemble average of the reward |
to next ACK, namelyE [£]. In what follows we consider
geometrically distributed inter-arrival times between rene-
wal epochs, however the analysis can as well be appliedbbildung 1: Expected throughput depends on error pro-
to more complicated distributiona/(") resembles the ran- Pability as well as number of successful retransmissions
dom variable for the inter-arrival period betweesonse-  (Optional Stopping). When — oo the expected through-
cutive ACKs and has in the current textegative binomial ~ put tends tak (1 — p) which is the long-term throughput.
distribution. As the number ofis allowed to increase, ten-

ding to infinity, the convergence to the long-term through-Corollary 1 The short-term throughput has a greater va-
put results directly frc_)m the renewal-reward theorer’r_1_for|l#e compared to the long-term one.

ensemble averages given as Theorem 2. The probability o

success equalsand of failurep = 1 — q.

Expected Value of Short=Term Throughput with Reward R=1

Number of Successful Transmissions

R R
To_y >T)_ E|l—|>—- 13
} | _ mxteeB[Tle g
Proposition 1 For an ARQ protocol with geometrically
distributed inter-arrival intervals, the expected value of Proof. This comes directly from Jensen’s inequality since
throughput (reward) until a single correct message recep-

tion (first ACK) equals Elg(2)] > g (E[z]) (14)

R

— for g(x) convex function ofz. In our casey(z) = R/z
To—t(p,R)=FE [7:| = Rp 1 g(z) 1y ey(x) /x

log(1=p)  (10)  (convex)and (13) holdsl

N



The conclusion that the actual expected average per sta Short—and Long—Term Throughput VS Transmission Rate VS Ergodic Capaciy (_p=10%)
until first ACK (or up tor < oo acknowledgements in ge- |
neral)E [%] has a greater value compared to the renewal
reward resuItE[iN may at a first glance seem a bit unex- o
pected and possibly paradoxal. In an effort to provide som
intuition and explain the results, we notice that the gains
in short-term actually are a result sfoppingthe obser-
vation of the renewal process at a desired moment, name
when exactly- ACKs have been received. In such cases the
probability of occurence of very long NACK runs is very
small. If the process, however, is allowed to evolve extre- ®
mely long runs are expected to happen. It can actually b.
found in Feller [9] that using the law of iterated logarithm,
the length of the longest appearing run aftefforts in a
sequence of Bernoulli trials behaves with probability 1 a
follows

o

Throughput T
T

Abbildung 2: Throughput vs rate curves for average power
L = 10%. Comparison between short-term, long-term
throughput and ergodic capacity,., = 6.338 b/s/Hz

longest

lim sup ~4— =1 (15) Proposition 3 For Rayleigh fading channels the transmis-

fmoo logy/pt sion rate maximizing the short-term throughput is greater
The distribution of the longest run for a process generathan the argument maximizing the long-term one.
ted by fair coin tossing is known as the Erdds-Rényi law pmax = pmax (18)
[11]. Relevant investigations can be found in the literature s=t = Tt
e.g. [12] and references therein. The length of the longesgjven specific powep = 102 and assuming Rayleigh fa-
run of NACKs then asymptotically tends to infinity as the ging, the expected throughput vs rate plots are illustrated
number of trialsm — co. Occurence of such rare extrema iy, figure 2. The doted horizontal and vertical lines denote
has an averaging out effect for the strong law of large numhe value of ergodic capacity. Expected throughput cannot
bers to hold. By stopping the process after a certain finitgyceed this limit, however the plots support the conclusi-

numberr such extrema are not probable to happen. ons in [1] that in systems with retransmissions, transmis-
sion rate may actually be allowed to exceed the ergodic
limit and probable errors will be corrected with the use

4 Max Zero OutageThroughput of retransmissions. In such cases there is a hon-zero pro-

When practical systems are under study, we are often ijiability that transmitted bits at an instantaneous rate hig-

terested in estimating which is the maximum achievabl er than the ergodic may be correctly decoded. If an error
ccurs, retransmissions take place resulting in a lower ef-

throughput in future steps and aim to adapt the system : .
gnp P P 4 ective rate. In average throughput is always less than the

operation in order to optimize their performance and stay di itv. The fi illustrates that the rat hi
always near the maximum value. In our case the adaptzf—.rgo ic capacity. The figure illustrates that the rate achie-

tion takes place in terms of estimating and adopting th ing M 2T} is higher than the one that bring$27; .

optimal transmission rate. Rather interestingly use of diffe-I he a;ctual maximum th;QbQ?tT]pUt valuekz)s Lor ghor_}_—:}em;}and
rent measures provides different results. This actually im:0"g-term measures exhibit Ine Same behavior. 1he change

plies that the use of appropriate throughput measures i f the ma;qmum?)rate and throughput as power increases is
different communication scenarios can be rather critical ir? "W N T1gure 5.

terms of performance optimization. Tidaximum Zero- Wi 2 ag o T VS P
Outage short-term Throughp@/ ZT,_,) is defined as ‘ ‘ ‘

P lig(i—p) (16)
p

R
T =sup F {—] =sup R
s—t I N R

Assumption of Rayleigh fading statistics simplifies analy-
sis and can provide results which are easier to compare ai
illustrate.

Maximum ThroughputMaximum Rate [bits/sec]

Proposition 2 The transmission rate that maximizes the
short-term throughpuR**} = argmaxp T,_,, for Ray- -

leigh fading channels and small valueslesp&R is

0
Power p [dB]

- Abbildung 3: Short-term and long-term maximum trans-
REf =W ((2p+1)-¢)—1 (I7)  mission rate and MZT vs power



5 Conclusions with probability » { N < r} = 0. N follows a nega-
tive binomial distribution [9]

In cases where the channel error probability may be allo-

wed to change with time, possibly due to application of n—1

adaptive transmission techniques, varying resource alloca- P {N(T) = n} = ( o1 > qp" " = (n)

tion or fluctuation of the moments of the channel statistics,

the renewal-reward approach is not accurate for the estimdhe reward for- acknowledgements equaj§’ (n) = %

tion of the expected ARQ throughput, since the interarrivabnd the expected value of the reward

times between consecutive acknowledgements are not any

more identically distributed. In such scenarios the use of (", = E {@} => 9" n)- £ (n)
an alternative measure for the expected system through- n n=r
put was suggested in the current work, refered to as 'short- acige n—1
term ARQ throughput’, based on the assumption that the = RY o ( o1 ) qap"
error probability may remain constant up to some predefi- n=r
ned number of received acknowledgements and it is after- _ n(4 " b—1 b_p(4 "
wards bound to change. We proved that as oo the sug- o p Z alr—1 )P 7 p u(p)
gested measure asymptotically approaches the 'long-term’ _ "*' _
throughput. A metric named Maximum Zero-Outage short-Taking the first derivative of function(p)
term Throughput\/ ZT,_, provides the maximum achie-
vable expected throughput when= 1 which was shown  gy(p) /=1 I
to be greater compared to the long-term case. Compariso*ndp = T Z r—1 )P =
plots supported the results of the analysis. n=r
— = v+r—1 v

— 'Y ( " > P =
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where equality (a) comes from the fact that

( v +£_ 1= (—1)¥ _VT ) and equality (b) from
Newton’s binomial formula [13]. Then

Proof. [Proposition 1] The throughput of the system for roep

this single successful transmission equals) = R/n Ts@t - R <€> / r(l—a) " 2" 'da

and this is given as 'reward’ due to the occurence of a re- p 0

newal at the n-th trial. The pdf of the number of efforts The integral can be evaluated by repeated integrations.
up to first ACK is geometrically distributed and given by

Appendix

f (n) = p"~1q. The expected value of the reward in a sin- r—1 i T 1—p\’
gle renewal period (short-term) is Ts(i)t(p,R) = RZ(—l)F p— (T)
j=1
R 1 > + R(p_l)r log(1—p)  (20)
— ) rlog(1—p
TooR) = B3| =R || = RS st | 7
n=1 We can rewrite (20) as follows
(e’e] R . Rq ee] D +
= Dol =24 1
;n " g p;n+1 (19)

(r) r |r—1 j—r
o T, p—1 1 (p-—1
7 =" <7) Z <7) +log (1 —p)

The series) " converges uniformly forz| < 1 p j=1 g p

. . ZntL
[13]. Since the integral of the ternt' equalst—, ffom  Then for- 1 1 we get the following recursive form
[13],pp.537 the series at the right hand side of (19) also

converges uniformly and we can wrifg >°>° | a"dx = T _r+l p-1 T, . 1)
J¢ £ dz = —log(1 — p). Then R r P R
1—p Taking limits for both sides of (21) for — oo we obtain
Ti-t(p,R) = —-R log(1 —p) the value forT>, = lim, ., 7",
For r successful transmissions fimes ACK) the waiting Ts(fs) _p-1 Ts(i? 1l =7 Rp 1-p) =T,
time until ther — th success is a random variake(") R P R st -




| Butwv (0) = 0 and is monotone non-decreasing wirt 0,

Proof. [Proposition 2] For Rayleigh fading, eq. (10) yields sinced'ji—i)’)) = (pf 7 > 0. Thenv (p) > v (0) = 0 and we
5 >
have proved by contradiction th&, > R;. B
1 1—ef
Ts 1 =R-[1-— — %
1—e » p

Let us take the first derivative &f,_, w.r.t. R and replace L iteratur

u= % to make the form easier to handle
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